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Abstract

This paper provides a general procedure to estimate structural VARs. The
algorithm can be used in constant or time varying coefficient models, and in
the latter case, the law of motion of the coefficients can be linear or non-linear.
It can deal in a unified way with just-identified (recursive or non-recursive) or
overidentified systems where identification restrictions are of linear or of non-
linear form. We study the transmission of monetary policy shocks in models
with time varying and time invariant parameters.
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1 Introduction

Vector autoregressive (VAR) models are routinely employed to summarize the prop-
erties of the data and new approaches to the identification of structural shocks have
been suggested in the last 10 years (see Canova and De Nicold, 2002, Uhlig, 2005,
and Lanne and Liitkepohl, 2008). Constant coefficient structural VAR models may
provide misleading information when the structure is changing over time. Cogley
and Sargent (2005) and Primiceri (2005) were the first to estimate time varying
coefficient (TVC) VAR models and Primiceri also provides a structural interpreta-
tion of the dynamics using recursive restrictions on the matrix of impact responses.
Following Canova et al. (2008), the literature nowadays mainly employs sign re-
strictions to identify structural shocks in TVC-VARs and the constraints used are,
generally, theory based and robust to variations in the parameters of the DGP, see
Canova and Paustian (2011).

While sign restrictions offer a simple and intuitive way to impose theoretical
constraints on the data, they are weak and identify a region of the parameter space.
Furthermore, several implementation details are left to the researcher making com-
parison exercises difficult to perform. Because of these features, some investigators
still prefer to use "hard” non-recursive restrictions, using the terminology of Wag-
goner and Zha (1999), even though these constraints are not theoretically abundant.
There exist algorithms to estimate non-recursive structural models (Waggoner and
Zha, 2003) and to estimate recursive overidentified models (Kociecki et al., 2013)
identified with "hard” restrictions. However, their extension to TVC models is
problematic.

TVC-VAR models are typically estimated using a Gibbs sampling routine, where
a state space system is specified, the parameter vector is partitioned into blocks, and
draws for the posterior are obtained cycling through these blocks. When stochas-
tic volatility is allowed for, an extended state space representation is used and one
or more parameter blocks are added to the routine. If a recursive contemporane-
ous structure is assumed, one can sample the block of contemporaneous coefficients
equation by equation, taking as given draws for the parameters belonging to pre-
vious equations. When the system is non-recursive, such an approach disregards
the cross equation restrictions. Thus, the sampling must be done differently. To
perform standard calculations, one also needs to assume that the covariance matrix
of the contemporaneous parameters is block-diagonal. When the structural model is
overidentified, such an assumption may be implausible. However, relaxing the diag-
onality assumption complicates the computations since the conditional distributions
used in the Gibbs sampling do not necessarily have a known format.

This paper proposes a general framework to estimate a structural VAR (SVAR)
that can handle time varying coefficient or time invariant models, identified with



hard recursive or non-recursive restrictions. The procedure can be used in systems
which are just-identified or overidentified, and allows for both linear and non-linear
restrictions on the parameter space. Non-recursive structures have been extensively
used to accommodate models which are more complex than those permitted by re-
cursive schemes. As shown, e.g., by Gordon and Leeper (1994), inference may cru-
cially depend on whether a recursive or a non-recursive scheme is used. In addition,
although just-identified systems are easier to construct and estimate, over-identified
models have a long history in the literature (see e.g. Leeper et al., 1996, or Sims
and Zha, 1998), and provide a natural framework to test interesting hypotheses.

The algorithm we design exploits the particular format of the structural model
and follows Primiceri’s (2005) suggestion to use a Metropolis step within a Gibbs
sampling routine to draw the vector of contemporaneous parameters. Because a
number of important identification restrictions and general law of motions of the co-
efficients imply a non-linear state space representation for the structural model, we
then nest our basic procedure into Geweke and Tanizaki (2001)’s approach to esti-
mate general nonlinear state space models. Thus, we can deal with many structural
systems in a compact and unified way without having to pay the computational
costs of a full non-linear simulation methodology.

We use the methodology to identify a monetary policy shock in a overidenti-
fied TVC system, whose structure is similar to the one employed by Robertson and
Tallman (2001), Waggoner and Zha (2003) and Sims and Zha (2006). We show
that there are time variations in the variance of the monetary policy shock and in
the estimated contemporaneous coefficients. These variations, translate in impor-
tant changes in the transmission of monetary policy shocks . We show that time
variations in the transmission of policy shocks are reduced when an alternative law
of motion for the standard deviation of the shocks is used. We also show that,
when long and short run identification restrictions are employed, the transmission
of monetary policy shocks in the 2000s is affected.

The paper is organized as follows, Section 2 builds up intuition describing the
algorithm for a static SVAR with time invariant coefficients and the identification
restrictions that are allowed for. Section 3 considers a time varying coefficients
static SVAR. Section 4 presents the general algorithm applicable to non-recursive,
overidentified TVC-VAR models featuring stochastic volatility. Section 5 extends
the algorithm to deal with state space systems which have a non-linear format.
Section 6 studies the transmission of monetary policy shocks. Section 7 concludes.



2 A constant coefficients static SVAR

To build up the intuition, we start from a static SVAR with constant coefficients:
Ala)yr =€ &~ N(0,1) (1)

where t = 1,...,T; y; and ¢, are M x 1 vectors, A («) is a non-singular M x M
matrix, assumed to be invertible for almost all a, and « is a vector of structural
parameters. The likelihood function of (1) is
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t=1

L(y" | o) = (2n) """ det (A (a))" exp {—1 > (A m) (A« yt)} (2)

Because of det (A (a))”, the Jacobian of the transformation, (2) is non-linear
in a. Thus, the posterior of o will be non-standard. Whenever the SVAR is just-
identified and the restrictions come in a triangular form, posterior draws for o can be
obtained using draws of the reduced-form covariance matrix Q (o)™ = A (a) A (oz)/.
However, when the system is overidentified, €2 (04)71 is restricted and proper poste-
rior inference needs to take these restrictions into account (see e.g. Sims and Zha,
1998).

To describe our approach to sample « from the posterior when restrictions are
not necessarily just identifying and recursive, we proceed in two steps. First, we
reparameterize the model and present a Metropolis algorithm. Second, we show the
type of identification restrictions which are compatible with the setup.

2.1 The reparameterization and the algorithm

Vectorizing (1) produces vec (A («)y;) = vec(g;) = &. Amisano and Giannini
(1997), assume that vec (A («)) = Saa + sa, where Sy and s are matrices of
ones and zeros. This reparameterization can be made slightly more general so as
to handle certain types of non-linear restrictions. Let a € X C RF, where X is
"sufficiently large” - we need X to have this feature because simulations proceed by
rejecting draws - and let f : X — R* be continuous, where &’ may be different from
k. Using vec (A (a)y) = (y, @ I) (Saf(a) + s4), the model can be expressed as:

Y= Zuf (@) + & (3)
where y; = (y;, ® I) sa; Zy = — (y; ® I) Sa. The likelihood function is then

L (s | o) = @n) 772 (det D(a))" exp {—é Sl — Zuf (o)) [ ztf<a>1}
(4)



where D(«a) = %yéa)yt)] =Dy, + D,(«a), vec(D,) = s4 and vec (D, (o)) = Saf(a).
The reparameterization in (3) makes it easy to design a proposal distribution to

be used in a Metropolis routine. Thus, let

-1

T T
fH(a) = Z 22 Z Zy (5)
and .
P*(a)= | Z{(SEE)" Z (6)

where SSE = ST, (i — Zuf*(a)) (G — Zuf*(@)). Set f(a®) = f*(a) and, for
1=1,2,...,G:

1. Draw a candidate f(af) ~ p. (f(a?) | f(ai™)) = t(f(ai1),rP* (a'71),v),
where r > 0, v > 4, and ”t” is a t-distribution.
p(f (e)ly™) -« (fa)If (1) ~ r .
2. Compute § = JHDW U ) where 5(1y") = ("] p()T(@)] is
the posterior kernel of f(at) and f(a’™!) and Z(a) an indicator function re-
stricting the prior p(.).

3. Drawav ~ U (0,1); set f(a') = f(at) ifv < 0 and f(a') = f(a'"!) otherwise.

Note three facts about the algorithm. First, a t-distribution with small number
of degrees of freedom is chosen to explore the tails of the posterior; when v is large
the proposal resembles a normal distribution. Second, and more importantly, the
f(«) vector is jointly sampled and the covariance matrix of P*(«) is non-diagonal.
As we discuss later, these features distinguish our algorithm from those present
in the literature and provide the flexibility needed to accommodate a variety of
structural models. Third, we need a Metropolis step to draw « since equations (5)
and (6) ignore the Jacobian term D(«) appearing in (4).

Kociecki et al. (2013) have derived a closed form solution for the posterior of «
under the assumption that det (D («)) = 1. It turns out that their posterior collapses
to our proposal when the prior for « is diffuse. Baumeister and Hamilton (2013)
obtain an analytic expression for the posterior for a under a slightly different model
setup when sign restrictions are used for identification and show that, asymptotically,
the posterior for « is the prior restricted to the set of structural models that
diagonalize the covariance matrix €2 (a) .The algorithm they employ to draw from
the posterior of « is similar to the one described in this subsection.



2.2 Identification restrictions

The model (3) is sufficiently general to deal with linear restrictions (both of exclu-
sion and non-exclusion types) and with certain types of non-linear restrictions. We
present a few examples for illustration. We focus on over-identified systems because
just identified ones only require adjustments of S, and of s4.

2.2.1 Short-run linear restrictions

Suppose A («) features both exclusion and non-exclusion linear restrictions:

1 0 — Qg
A (Oé) = (651 1 0
0 (65) 1
Then: ) ) ) ) L
1 0 O 1
o1 1 0 0
0 0 O 0
0 0 O 0
vec (A(a)) = 1 =10 0 [ “ } + |1
s o 1 |24 o
—ay 0 —1 | f@ 0
0 0 O 0
1] | 0 0 | | 1]
—_——— ——
Sa SA

2.2.2 Short-run non-linear restrictions

Suppose A («) features exclusion restrictions and nonlinear constraints:

1 0 Q3



Then

1 000 1
aq 1 0 0 0
0 000 0
0 000 o1 0
vee (A (o)) = 1 =100 0| (aa+1)?|+]1
(ag +1)° 010 a3 0
Qs 001 |——" 0
0 00 0 e 0

1 ] |oo o] |1

—_—— ~——
Sa SA

If we define as = (ag + 1)2, f(a) = (aq,q9,a3) is still a linear vector-valued

function. Given posterior draws for &, we can recover as = v/as — 1, provided
s > 0. Hence, certain non-linear restrictions can be handled with an additional ac-
cept/reject step. A similar approach can be used in the slightly more general case in
which, for example, f (a) = [al, (g + 2a3)2 ,043]/. Here, we set ay = (g + 204;;)2 >
0 and use draws of &, > 0 and «s, to obtain ay = v/as — 2as.

A case we can not handle with a reject step is the following:

1 0 10 — 1

Al@)=| ay 1 0 (8)
0 (0] 1
Here
[ 1 ] [0 0 0] 1]
oy 1 00 0
0 000 0
0 0 0O a1 0
vec (A(a)) = 1 =1000 Qg 1
(6%) 010 10 — 1 0
ajag — 1 0 01 _;_/ 0
0 0 00 e 0
1 0 00 1
—— S——
Sa SA

Adding an inequality constraint does not help since the third component of f («)
does not have independent variations. Still, if we set f(a) = (aq,ay),draws for
ajas — 1 can be obtained from the draws of (aq, as). Thus, the posterior of f («)
can be simulated using the subset of the coefficients with independent variations.
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2.2.3 Long-run restrictions

Long run restrictions generally imply nonlinear constraints on the parameters of a
VAR. As the editor has pointed out, these restrictions could be dealt with in our
framework if det (A (a, B)) = det (A («)), that is, if the Jacobian of the transfor-
mation is independent of the matrix of reduced form autoregressive coefficients B.
In this case, draws for B can be made from standard conditional distributions. In
general, however, this is not the case. To see this consider:

Al)ye = Ayye +e; e~ N(0,1) (9)
The corresponding VAR is:
Ye = By + [A(a)] e (10)

where B = [A (a)] " A, and the (long run) cumulative matrix is:

D= (I~ B) " [A(a)]! ()
Let
1 as o Dy1 D2 Dis
Ala)=] a1 ap D= | Dn Dy Do (12)
ag oy 1 D3y D3y Dss

and let b;; be the typical elements of (I, — B)f1 . Then

1 bi1 bz i3 1 — g o5 — a3 aizag — Qs

D = m b21 b22 b23 X Qllg — Q1 1-— (65107 105 — Qg
e o

bz1 b3z bss Qo — Qo a3z —ay 1 —ajaz

with det[A ()] # 0. Assume, for example, ay = Dy = D3; = 0 so that there

are both short and long run (zero) restrictions. Dy; = 0 implies —bgy (aga6 — 1) —

bag (2 — aparg) —bos (1 — aacyg) = 0. Since ay = 0, we have by —bagag—bag (17 — ag) =
0. Slmllarly, Dgl =0 1mphes —b31 (Oé4066 - 1) - b33 (042 - 051044)—1732 (Oél - (120[6) =0

or bg; —bsgan—bss (a1 — anag) = 0. Thus, there are non-linear constraints that draws

of b;; and of o; must satisfy and det (A («, B)) is generally not independent of B.

We discuss in section 5 how to deal with these types of systems.

2.2.4  Sign restrictions

Although sign restrictions are not the focus of this paper, it is straightforward to
show that they can be handled with the algorithm of section 2.1. Let A(«) be
a general matrix with no exclusion restrictions and inequality constraints on, say,
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the first column. Then, one draws a’s as above and checks if the first column
satisfies the required constraints. Thus, sign restrictions can be dealt with the same
accept /reject step we have used for non-linear short run restrictions. Mixture of
zero and sign restrictions, as those suggested by Arias et al. (2014), can be handled
in the same way.

3 Time-varying coefficients static SVAR

Before we move to the standard TVC-SVAR models used in the literature, it is
useful to study the intermediate step of a static TVC-SVAR. The model is

Aloy)ys =€ e~ N(0,1) (13)

ap =1 +n; n~N (Oa V) (14)

where V' is a full rank, positive definite matrix, «y is given, A(cy) is assumed to be
invertible for almost all oy, for all t. This model is re-parametrized as:

Yr = Zif(ou) + e (15)
flaw) = flaz-a) +m; (16)
where 3 = (Y, ®1)ss and Z; = — (y; ® [) Sa. To obtain the joint distribu-

tion of f(a)T = {f(ay)}, and of V, one can use a Gibbs sampler, as long as
p(f(@)T|y",V)andp (V |y, f(a)”) are available. Given standard prior assump-
tions, p (V | 47, f()T) has an inverted Wishart format and it is easy to draw from.

The conditional posterior p ( fla)T |47, V) can not be computed in a standard
fashion since Z; is neither exogenous nor predetermined. Thus, (15)-(16) is not the
typical state space model considered in the literature. Still, it is relatively easy to
compute the kernel of this conditional posterior. Note that

p(f(@)"[y" V) = p(flar) |yr,V Hp () | flaesn), ' V)

o< p(flar) [yr,V) 1:[17( flae) [y, V) p (f(asa) | fla), V)

t=1

From (16) p (f(css1) | f(ar), V) is normal. The kernel of other terms in the ex-
pression can be constructed noticing that p(f(c)|y", V) o< L(y'|f(ay), V)p(f(aw)),
where p(f(ay)) is given, and

L(y'| f(ew), V) = (2m)"*/* det (D (a ))exp{——( = Zuf () (G — Zef () }



Thus, given f(aop) and Fy|o, and construct Kalman filter updated estimates of f(ay)

and of its covariance matrix for each t = 1,...,7T as
f(Oét|t) = f(Oét|t—1) + Ky |yr — th(@ﬂt—l)]

Pyt = Py — Py ZIOT 2P,

where f(ayi—1) = flou—1-1), Py—1 = Poijp—1 + V, Ky = Py WZ7, Q=
ZyPyi—1Z; + I. Smoothed estimates are f*(apr) = f( &) pps Pryp = Prir and

fHaep) = J@ + Py ZiPLy, (f*(oét+1|t+2) - ZU@)

qern = Py — Py Pt+1|tZt -1 t=T-1,...,1 (18)

We use (18) to calibrate the proposal distribution for the Metropolis algorithm.

3.1 The basic algorithm

Set an initial f(a) and fori=1,2,...,G
Step 1: Given (y”, V™) , compute {f*(« t|t+1)}t 1 {P*(Z b }thl using (15)-(16)

tlt+1
. Then:
1. Fort =1,...,T, draw a candidate f(a;r) ~ Dy (f(at) | fla i_l)) t(f (v t|t+1) 7“Pt|t(ill), ),
r>0,v>4. Set fah)! = {f(a)}; pu(f()" | fla Hp*
fleg™)).

OcT T . ai—1 T
2. Compute 0 = p](c((iz )1)%f)p£{§c(a)T)‘f(I£E )1))) where p(f(af)") = L(y"|f(a!)", V) -

p
[p(f(aNZ(f(a))] and Z(f(c)) is an indicator restricting the prior distribu-
tion.

3. Draw v ~ U(0,1); set f(a))T = f(aDT if v < 0 and f(a)T = f(a' )T

otherwise.

Step 2: Given (47, f(a®)7), draw (V)L ~ p(V))" | ()T, y7) = W (@V,V‘1>,
where
vy =T + vy

Z Oét 1)) (f(Oét) - f(atl))/]
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and vy, and V are prior parameters.

Given the structure of the problem, if coefficients are constant, f*(a;) = f*(«a),
Py = Prforallt =1,...,7, and the algorithm collapses to the one described in
section 2.1.

4 A standard time-varying coefficients SVAR

Assume that a M x 1 vector of non-stationary variables y;, t = 1,...,T can be
represented with a finite order autoregression of the form:

Yy = Bo1Cy + B1Ye—1 + ... + Bpye—p + (19)

where By, is a matrix of coefficients on a M x 1 vector of deterministic variables
Cy; Bjt;j = 1,...,p are square matrices containing the coefficients on the lags
of the endogenous variables and u; ~ N (0,€);), where €, is symmetric, positive
definite, and full rank for every ¢. For the sake of presentation, we do not include
exogenous variables, but the setup can be easily extended to account for them.
Let the structural shocks be &, ~ N (0,1), let u, = A;'Y,e,, where A, = A(oy)
is the contemporaneous coefficients matrix, «; is a vector of free parameters, and
Y, = diag{ o} contains the standard deviations of the structural shocks at ¢ in
the main diagonal. The SVAR is:

v, = X, By + A7 'S, (20)

where X} = I® [C’é, Yioqy - - ,yg_p} and B; = [ziec (Bos) ,vec(Biy) ... vec (Bm)/}/
are a M x K matrix and a K x 1 vector, K = M x M +pM?. It is typical to assume:

B, = Byt (21)
a = o1 +G (22)
log (ome) = log(omi—1) + Ny (23)
and letting 1, = [y, - - -, Mg, set:
Et I 0 0 O
V =Var zz = 8 %2 3 8 (24)
7, 00 0 W

where @), V, W are full rank matrices.

Thus, the setup captures time variations in i) the lag structure (see (21)), ii) the
contemporaneous reaction parameters (see (22)) and iii) the structural variances
(see (23)). Common patterns of time variations within blocks are possible if the
rank of either ),V or W is reduced. Models with breaks at a specific date can be
accommodated by adding restrictions on (21) — (23), see Canova et al. (2012).
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4.1 Relaxing standard assumptions

Consider theA concentrated model obtained with estimates of the reduced-form VAR
coefficients B;:

Ay (yt - Xéﬁ:) = At?/\t = D& (25)

Let vec (A;) = Saf(a:) + sa, where Sy and s, are matrices with ones and zeros of
dimensions M? x dim(f(a)) and M? x 1, respectively. The concentrated model can
be reparametrized as

(f/g\; ® [) (SAf(Oét) + SA) = Y&y

and the state space is composed of

U = Zif(ay) + Xiey
faw) flae1) + ¢

and of equation (23), where g, = (¥, ® Iy) sa4, Zi = — (Y, @ 1 )SA Given (E\T, ¥TY),

we need to draw f(a)T = {f(a)},_;, fromp(f( ) RV IE V8 BT)

Standard algorithms (see Primiceri, 2005) partition f ( +) into blocks associated
with each equation, say f(a;) = [f(ozt)l',f( D fa )M’],, and assume that
these blocks are independent, so that V = diag (V1,...,Vy). Then

p(f(@)" |57V, BT) = Hp< M| fam TGS VBT ) s (F)T | 5T

(26)
Thus, for each equation m, the coefficients in equation m — j,j > 1 are treated as
predetermined and changes in coefficients across equations are uncorrelated. The
setup is convenient because equation by equation estimation is possible. Since the
factorization does not necessarily have an economic interpretation, it may make
sense to assume that the innovations in the f(«;) blocks are uncorrelated. However,
if we insist that each element of a; has some economic meaning, the diagonality of V
is no longer plausible. For example, if a; contains policy and non-policy parameters,
it will be hard to assume that non-policy parameters are invariant to changes in the
policy parameters (see e.g. Lakdawala, 2012).

The algorithm described in the previous section relaxes both assumptions, that
is, the vector f(oy) is jointly drawn and V is not necessarily block diagonal. This
modification allows us to deal with recursive, non-recursive, just-identified or overi-
dentified structural models in a unified framework. There are, however, computa-
tional costs, since system-wide estimation methods are now needed.

12
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4.2 The general algorithm

Set initial values for ((B%)T, f(a®)T, (so)7, (X°)T, V?), where s is J-dimensional vec-
tor of discrete indicator variables described below. Then:

1. Draw (B*)" from from p ((B)” | g7, f(a' )T, (s 1), (1T, Vi-1).Ip (B,
where I (.) truncates the posterior to insure stationarity of impulse responses.p(.)
is normal and can be computed using Kalman filter recursions and a multi-
move (Carter and Kohn) or a single move (Koop and Potter) strategy.

2. Draw f(a*)? from
p(f@) 175 (s ETHLYTL(BYY) o p(flay) |57 s7 5,50 VT By) x
T-1
[Ip(fled |75 57 Vo BY)
t=1
Pi+1 (f(ai—&-l) | f(a/é)a T Si_la 22_17 Vi, Béf)

using the approach described in section 3.1.

3. Given (g7, (BY)T, f(a")T), the model is linear and composed of
A\t@\t =y = e

and (23), but the error is not normal. For the m — th equation we have

Y = log [(yf,;t)Q + E] ~ 2log (0yt) + log é?fmt (27)

where ¢ is a small constant. Since ¢,,, is Gaussian, log E?mt is log (x?) distrib-
uted and can be approximated by a mixture of normals. Conditional on sy,
the indicator for the mixture of normals, the model is linear and Gaussian.
Thus, as in Del Negro and Primiceri (2013):

(a) Draw (s')7, given ((y**)" , (B)T, f(a")T, (2" 1)7) and compute

Yms — 210g (o) — 1, + 1.2704)
Vi

P (sme =7 | Yprsr10g (Oums)) o< g5 X ¢ (

where j = 1,...,J;¢ (x) is the normal density, ¢; a set of weights, x is
the standardized error term log €fn,t, and 7, and v; are the mean and the

standard deviation of the j—th mixture. Draw u ~ U (0,1). Set s, ¢+ = j
it P (Sm,t <j—1 | y::,talog (Um,t)) <u<P (Sm,t <7 | y::,tﬂ log (Um,t))‘

13



(b) Given (g7, (BT, f(a")T,(s))T), use standard Kalman smoother recur-
sions to draw {%,},_, from (27) — (23), given s” obtained in step (a).
To ensure independence of the structural variances, each o, is sampled
assuming a diagonal WW.

4. Draw V' from p (V' | g7, f(a®)T, (s)T, ()T, (B)T). V' is sampled assuming
that each block follows an independent inverted Wishart distribution.

Then use (BT, f(a')T, (s)T, (X9)T,V? as initial values and repeat the sampling
fori=1,...,G.

5 Extensions

In the setup we have used so far, we are constrained about the identification re-
strictions we can employ; for example, long run restrictions produce a non-linear
model for o; and ;. Recent identification procedures which restrict certain term
multipliers (for example, the maximum effect of a monetary shock on output occurs
x-months after the disturbances) or the variance decomposition (as it is done in the
news shock literature, see e.g. Barsky and Sims, 2012), also generate a non-linear
model for (a4, 3,). In addition, while it is standard to use a log-linear setup for
the law of motion of the volatilities, one may want to consider GARCH or Markov
switching specifications, which also generate a non-linear or non-normal laws of
motion of the coefficients.

In all these cases the sequential Monte Carlo methods discussed in Creel (2012)
and Herbst and Schorfheide (2013) are the natural candidates to estimate the struc-
tural non-linear model. These methods however are computationally intensive and
there are still a number of theoretical and practical issues that are unsolved. Thus,
we prefer to take an intermediate step, which still allows us to deal with all these
cases, but is much less computationally demanding. Clearly, there are simplifications
involved. For example, we will be assuming that the posteriors can be approximated
by normals. Nevertheless, we believe it is important to have a tool that can cover
these situations without having to pay the costs of a fully non-linear simulation
methodology.

We describe next how the setup so far analyzed needs to be modified to deal
with the cases of interest. In doing so, we extend Geweke and Tanizaki’s (2001)
algorithm for estimating non-linear, non-Gaussian state spaces to TVC models.
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5.1 The setup

Consider the general non-linear state space model:

ye = 2By o) +wilor, &)
By = wi(Biq) + 8:(Bi1,Ea)
ap = ty(oy—1) + 1 (u—1,&3)
filor) = hi(o1) + k(- (00-1,&444))

where y;, £, are M x 1 vectors; 3, and &,, are K3 x 1 vectors; oy and &5, are K, x 1
vectors; &y, ~ N (0,Qu), §or ~ N (0,Qu), {3 ~ N (0,Qs). Assume that z (.),
(L), weL), s¢ (L), te (L), e (1), fe(L), he(.) and k¢(.) are continuous and differentiable
vector-valued functions. To estimate this system, we can linearize it around the
previous forecast of the state vector, so that

(
(
(
(

2(By, ) Zt(bt\t 15 Qfy— 1)+Z1t(5 —Zt\t71)+22t(at—at\t71)
ur(04, €)= w(Tye—1,0) + Uo (0 — Tyje1) + Ug, €14

w (Bi1) =~ wiborjm1) + BBy — bro1je—1)

(ﬁt 17521&) = St(ﬁt 1t—1> )+36t(6t 1 _bt 1)t— 1)+§§2,t§2,t
te(—1) =~ t(@1p— 1)+Tt(04t 1 — Gy—1jt—1)

re(0n-1,83) ~ 7Te(Qpo1j-1,0) + Tap(0r—1 —at—ut—l)—i‘?gg,tgg,t

filor) = fiGyur) + Filor — i)
hi(o-1) hi(Gi—1je—1) +/}\lt(at71 — O-1)t-1)
K (s (Ut 1, &1 1)) = kt(afl,t—lgl,tfl)

where Z,t,z’ = 1,2, Ugy, Ug, ¢, Wy, ﬁ, S8ty Seyt Tayts Te,t are matrices corresponding
to the Jacobian of 2 (.), us (.),we (), t: (1), s¢(.), 7e(.), evaluated at 3, = byy_1, 04 =
Qyji—1,0¢ = Ogjp—1, §14 = 90 = 34 = 0. Thus, the approximated model is

U~ Eltﬁt + 22tat + C/i:: + agl,tfl,t (32)
By >~ Wiy + G+ Se,ulay (33)
a; ~ Ty i +6+ Tey 83 (39
ﬁo‘t = /ﬁtat_l + kt(agl,t—lfu—l) (35)

where
C/i\t = 21t </I;t|t71> _/Z\lt/l;t|t71+z2t (at|t71) _/Z\2tat|t71+u(at\t71a 0) = Uyt (Cje—1—01) (36)
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G =1 (at—l\t—l) - ﬁat—ﬂt—l + Tt<at\t—17 O) - ?a,t(at\t—l - at71> (37)

G = (b)) = Wb+ 1By, 0) = 500Bys — ) (39)

When i) z; (.), we (1), t: (.), us (.) are linear, ii) s, (.) is independent of 3,, iii) r; (.) is
independent of a; and iv) w, (.) is independent of oy, C/Z; =0,¢ =0, =0. In one
of the cases considered by Rubio Ramirez et al. (2010) d; # 0, while if the law of
motion of the structural coefficient is non-linear or there are non-linear identification
restrictions, ¢; # 0 or g; # 0.

5.2 Estimation

Since (32)-(35) are linear, the algorithm described in section 4 can now be applied.
The only difference is that we now draw from distributions or proposals which
are centered at the Extended Kalman Smoother estimates. For example, given
flag,yT, 2T, we construct updated estimates according to

—

flaye) = flage-1) + Ky [?Jt — 2 <f(7t\t:)>}

oIh—17 pf
Byi = Py — Bip1 2,0y Zi P4

where f(ayi—1) = t(f(ar-11-1))s Pp—1 = TePro1p1 T/ 47e, 1 Qi Ky = Py 2T; Y,
and [, = Z;Pt‘t_th + agl,tQQtalgl,t‘

Smoothed estimates are f*(arr) = f@), Pryp = Prir and

flowern)™ = flaye) + Pt\tiéﬂfm (f(at+1\t+2)* - tt(f(aﬂt)) (39)
~ -1 <
fee1 = Pre — PyeZy [Pt+1\t + ng,tht?é%t} Zi Py (40)
fort =T—1,...,1,. Hence, when f(«) is nonlinear, we draw f(a)? from a proposal

centered at (39)-(40). Notice that the approximate model is used only in predicting
and updating the mean squared error of f(ay).

Depending on the exact specification of the non-linear model, one or more steps
in the algorithm may require some adjustments. We describe the modifications
needed for the application of section 6 in the on-line appendix.
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6 The transmission of monetary policy shocks

We employ our procedure to study the transmission of monetary policy shocks in an
overidentified structural TVC-VAR when short run zero restrictions are used. We
are interested in knowing whether the propagation of policy shocks has changed over
time and in what way. To robustify inference we study how our conclusions change
when the law of motion of the standard deviation of the shocks is altered and when
mixed long and short run restrictions are used to identify policy shocks. We also
evaluate the merits of different methods to draw the autoregressive parameters of
the model.

6.1 The SVAR model

The vector of endogenous variables is v, = (GDP,, P, Uy, Ry, My, Pcom;)’, where
GDP, is a measure of aggregate output, P, a measure of aggregate prices, U; the
unemployment rate, R; the nominal interest rate, M; a monetary aggregate and
Pcom, represents a commodity price index. The structure of A(qy) is as in table 1,
where X indicates a non-zero coefficient.

Reduced form \ StructurallGD P,
Non-policy 1
Non-policy 2
Non-policy 3
Monetary policy
Money demand
Information

Pcomy
0

| | o 1 1|
R Rl e Ml Bl P
>lo|lol—|loloS
| = ol o|o| X
><1+—~><jc>c>o§
~lolololo

Table 1: Identification restrictions

The structural model is identified via exclusion restrictions as follows:

1. Information equation: Commodity prices (Pcom;) convey information about
recent developments in the economy. Therefore, they react contemporaneously
to all structural shocks.

2. Money demand equation: Within the period money balances, are a function
of the structural shocks to core macroeconomic variables (R;, GDP;, P;).

3. Monetary policy equation: The interest rate (R;) is used as an instrument
for controlling the money supply (M;). No other variable contemporaneously
affects this equation.
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4. Non-policy block: Following Bernanke and Blinder (1992), the non-policy vari-
ables (GDP,, P, Uy) react to policy, money or informational changes only with
a delay. This setup can be formalized by assuming that the private sector uses
only lagged values of these variables as states or that private decisions have to
be taken before the current values of these variables are known. The relation-
ship between the variables in the block is left unmodeled and, for simplicity,
a recursive structure is assumed.

In this setup it is easy to understand why independence in coefficients of different
equations is unappealing: changes in policy and non-policy coefficients are likely to

be correlated. Let ¢, = [ e} &2 & & &? & | be the vector of structural
innovations. The structural model is
1 0 0 0 0 0] [GDP ] T GpP, 1 [ & ]
Q¢ 1 0 0 0 0 Pt Pt,1 8t2
Qo Qs 1 0 0 0 Ut A Ut—l 5?

0 0 0 1 am 0| B |TAE| g [T
ag; agy 0 gy 1 0 M, M; 4 Egnd
|y ory s iy onay 1| | Peomy | | Pcomy_; | e |

Afa)
(41)

where A, (L) is a function of A(o;) and B; and we normalize the main diagonal of
Ay so that the left-hand side of each equation corresponds to the dependent variable.
Finally,

ot ' 00 0 0 0
0 ¢2 0 0 0 0
s | 0 0 o} 0 0 0
1o 0 0 o™ 0 0
00 0 0 o 0
00 0 0 0 o]

is the matrix of standard deviations of the structural shocks.

The structural model (41) is non-recursive and overidentified by 3 restrictions.
Overidentification obtains because the policy equation is different from the Taylor
rule generally employed in the literature. It is easy to check (see on-line appendix
A) that the (constant coefficient version of the) system is globally identified and
therefore suitable for interesting policy experiments.

6.2 The prior and computation details

The VAR is estimated with 2 lags; this is what the BIC criteria selects for the con-
stant coefficient version of the model. The priors are proper, conjugate for computa-
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tional convenience, and given by B2 ~ N (B,4-VB), Qrr ~ IW (k3 - VB, (1 + K)),
o ~ N (@, diag (abs (@))), SP" ~ IW (k% - diag (abs (@)) , (1 + dim a)), log (5¢)"™"" ~
N (@,10 - Ipy), WP ~ IW (k3,14 1),i=1,..., M.
To calibrate the hyperparameters, we use the first 40 observations as a training
sample: B and VB are estimated with OLS and & and & with Maximum Likelihood
using 100 different starting points and the constant coefficient version of the model.
We set kg = 0.5 x 107%, k& = 1 x 107, k%, = 1 x 107" and J = 7. We generate
150, 000 draws, discard the first 100,000 and use one every 100 of the remaining for
inference. The results we present are independent of whether thinning is performed.
Convergence was checked using standard statistics. Draws for B; are discarded if
the stability condition fails. The function I, (.), used to eliminate outlier draws, is
uniform over the interval (—20,20). In our application, all draws were inside the
bounds. The acceptance rate for the Metropolis step is 35.6 percent.
Since the structural model has M = 6, dim(«) = 12, and S and s,4 are
[ 01 xdim(a) i
[ 1 Ouxaime)-1) |
[ O1x-1) 1 Oix(dim(a)-2) |
ledim(a)
[ 01x3-1) 1 Oix(dim(a)-3) |
| O1xa-1) 1 Oix(dim(a)-a) |
O2><dim(a)
[ 01x-1) 1 O1x(dim(a)-5) |
ledim(a)
[ O1x6-1) 1 Oix(dim(a)—6) |
| O1x(7-1) 1 Oiy(dim(a)-7) |
05xdim(a)
[ O1xs-1) 1 Oix(dim(a)-s) |
O4><dim(a)
[ O1x9-1) 1 O1x(dim(a)-9) |
[ O1x10-1) 1 Oix(dim(a)-10) |
03 dim(a)
[ 01x1-1) 1 Oixdim(a)-11) |
01 xdim(a)
[ 0152-1) 1 Oixdim(a)-12) |
L 06><dim(a)

Sy =

P ANAL
SA = [617 €9, 63764765766]
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where e; are vectors in RM with

1 i
e; = [ei,j]jj\il such that e; ; = { 0’ i 7&2

6.3 The Data

The data comes from the International Financial Statistics (IFS) database at the
International Monetary Fund and from the Federal Reserve Board (www.
imfstatistics.org/imf/about.asp and www.federalreserve.gov/econresdata/
releases/statisticsdata.htm, respectively). The sample is 1959:1 - 2005:1V. We stop
at this date to avoid the last financial crisis and to compare our results to those of
Sims and Zha (2006), who use a (restricted) Markov switching model over the same
sample. The GDP deflator, the unemployment rate, the aggregate Gross Domestic
Product index (Volume, base 2005=100), the commodity prices index, and M2 are
from IF'S, the Federal Funds rate is from the Fed. All the variables are expressed in
year-to-year rate changes, i.e. y; = log (y;) —log (y;_4), except for the Federal Funds
and the unemployment rate, and standardized, that is, we use (y; — E (y))) /std (y;),
to have all the variables on the same scale.

6.4 Comparing routines for drawing B7

To draw BT one can employ Carter and Kohn’s (1994) multi-move strategy where
the components of BT are jointly sampled from normal distributions having mo-
ments centered at Kalman smoother estimates. Koop and Potter (2011) argued
that multi-move algorithms are inefficient when one requires stationarity of the im-
pulse responses at each t, especially if the VAR is of medium/large dimension. To
avoid non-explosive impulse responses, it is common since Cogley and Sargent (2005)
to assume that all the eigenvalues of the companion form matrix associated with By
lie within the unit circle for t = 1,...,7. When the multi-move logic is used, if one
element of the sequences violates the stationarity restrictions, the entire sequence
is discarded, making the algorithm inefficient. As an alternative, Koop and Potter
suggest to evaluate the elements of the BT sequence separately using a single-move
algorithm and an accept/reject step. We describe how the algorithm works in our
structural system in the on-line appendix B.

To deal with the stationarity issue, one could also consider the shrinkage ap-
proach of Canova and Ciccarelli (2009). The approach was originally designed to
deal with the curse of dimensionality in large scale panel VAR models, but can also
be used in our context. When B; is of large dimension and each of the components
is an independent random walk, the probability that explosive draws for at least one
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coefficient are obtained is very large. Canova and Ciccarelli make B; function of a
much lower dimensional vector of factors 6;, who independently move as a random
walk, and this can reduce the inefficiency of the algorithm. We describe how this
algorithm works in the on-line appendices C and D.

We compare these three approaches to sample B” in our medium scale SVAR
model to better understand the pros and cons of each routine. The standard multi-
move routine is very inefficient, if variables are non-standardized. In fact the ac-
ceptance rate is only 0.46% when year-on-year growth rates are used and 0.60%
when quarterly growth rates are employed. As a referee suggested, the slightly bet-
ter results obtained with quarterly growth rates is due to the fact that, with this
transformation, the data displays lower persistence. When the data is standardized,
acceptance rates improve with both data transformations (now they are 10.2% and
11.5% respectively). Standardization reduces inefficiencies because not all variables
necessarily have the same units.

In the single-move algorithm, the averages acceptance rates for B” when the
data is standardized are 97% and 91% for year-on-year and quarterly growth rates,
respectively. However, the efficiency gains are more than compensated by the higher
computational costs: we need about 12 hours to estimate the model with the multi-
move routine but about 96 hours with the single move routine. Note that the
precision of the two algorithms is roughly the same.

Apart from the constants, the vector B; has 72 components. To maintain as
much as possible the covariance structure of the data unchanged, we estimate the
shrinkage model with 15 factors: one common factor, one factor for each equation
(6), one factor for each lag (2), one factor for each variable (6). = is a 72x15
matrix loading the factors on the required elements of the B; vector. When = is
composed of zeros and ones, we needed about 10 hours to estimate the model and
the acceptance rate is 78% when the data is standardized. When the elements of
= are also estimated the computational time increases to about 24 hours and the
acceptance rate for BT drops to 24%, when data is standardized.

In sum, both the multi-move and the shrinkage algorithms have reasonable com-
putational costs but the latter has better acceptance rates. The single move algo-
rithm is computationally much more demanding - we need to compute a constant
of integration at each ¢ and at each step of the Gibbs sampler - and this more than
compensates for the efficient gains.

In the next subsections we comment on the results obtained using standardized
year-on-year growth rates and the multi-move algorithm.
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6.5 Time variations in structural parameters

We first describe the time variations that our model delivers. In the left panel of
figure 1 we report the highest 68 percent posterior tunnel for the variability of the
monetary policy shock and in figure 2 the highest 68 percent posterior tunnel for
the non-zero contemporaneous structural parameters «;.

There are significant changes in the standard deviation of the policy shocks and
a large swing in the late 1970s-early 1980s is visible. Given the identification restric-
tions, this increase in volatility must be attributed to some unusual and unexpected
policy action, which made the typical relationship between interest rates and money
growth different. This pattern is consistent with the arguments of Strongin (1995)
and Bernanke and Mihov (1998), who claim that monetary policy in the 1980s was
run differently, and agrees with the results of Sims and Zha (2006).

A few of the non-policy parameters [a +, g ¢, a5 ¢| exhibit considerable time vari-
ations which are a posteriori significant. Note that it is not only the magnitude that
changes; the sign of the posterior tunnel is also affected. Also worth noting is the
fact that both the GDP coefficient in the inflation equation (a;,) and the inflation
coefficient in the unemployment equation (as,) change sign, suggesting a generic
sign switch in the slope of the Phillips curve.

mp

1975 1980 1985 1990 1995 2000 2005

1975 1980 1985 1990 1995 2000 2005

Figure 1: Median and posterior 68 percent tunnels, volatility of monetary policy
shock. Left panel: stochastic volatility; right panel GARCH(1,1).

The parameter as;,, which controls the reaction of the nominal interest rates
to money growth, also displays considerable changes. In particular, while in the
1970s and in the first half of the 1980s the coefficient was generally small and
at times insignificant, it became much stronger in the rest of the sample (1986-
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2005). Interestingly this time period coincides with the Greenspan era, where official
statements claimed that monetary policy was conducted using the interest rate as
instrument and money aggregates were endogenous.

The coefficients of the money demand equation, o ¢, a4, ag,t]/ are also unstable.
For example, the elasticity of money demand to the nominal interest rate (ayg,) is
negative at the beginning of the sample and turns positive since the middle of the
1970s, with some episodes when it is not significantly different from zero. The
elasticity of money (growth) demand to inflation is low and sometimes insignificant,
but increasing in the last decade. Thus, homogeneity of degree one of money in
prices does not hold for a large portion of our sample. Finally, time variations in
elements of o are correlated (see, in particular, a;,; and agy or ay; and aqq¢). Thus
our setup captures the idea that policy and private sector parameters move together.

Thus, in agreement with the DSGE evidence of Justiniano and Primiceri (2008)
and Canova and Ferroni (2012), time variations appear in the variance of the mon-
etary policy shock and in contemporaneous policy and non-policy coefficients.

5

) ARy, ey
S ey

1975 1980 1985 1990 1995 2000 2005

5

5

<002 -0.02
1975 1980 1985 1990 1995 2000 2005 1975 1980 1985 1990 1995 2000 2005 1975 1980 1985 1990 1995 2000 2005

Figure 2: Estimates of oy

6.6 The transmission of monetary policy shocks

We next study how the observed time variations affect the transmission of monetary
policy shocks. Since o} is time-varying, we normalize the impulse to be one at all
t. Thus, the time variations we describe are due to changes in the propagation but
not in the size of the shocks. We compute responses as the difference between two
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conditional projections, one with the structural shock set to one and one with the
structural shock set to zero.

In theory, a surprise increase in the monetary policy instrument, should make
money growth, output growth and inflation fall, while unemployment should go up.
Such a pattern is present in the early part of the sample, but disappears as time goes
by. As figure 3 indicates, monetary policy shocks have the largest effects in 1981;
the pattern is similar but weaker in 1975 and 1990. In 2005, responses are somewhat
perverse (inflation and output growth significantly increase and unemployment sig-
nificantly falls after an interest rate increase). Differences in the responses of output
and unemployment between, say, 1981 and 2005 are a-posteriori significant. Thus,
the ability of monetary policy to affect the real economy has considerably changed
over time and policy surprises are interpreted in different ways across decades.

20

---1975 g1
——1981 g1
{| —-1990 g1
»24=+= 2005 q1

Figure 3: Dynamics following a monetary policy shock, different dates.

Despite these noticeable variations, the proportion of the forecast error variance
of output, prices and unemployment due to policy shocks is consistently small (see
figure 4). Monetary policy shocks explain 10 percent of the forecast error variance of
inflation at all dates and about 15-20 percent of the variability of output growth and
the unemployment rate, with a maximum of about 25 percent in the early 1980s.
Thus, as in Uhlig (2005) or Sims and Zha (2006), monetary policy has modest real
effects.

These results are very much in line with those of Canova et al. (2008), even
though they use sign restrictions to extract structural shocks, and with those of
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Boivin and Giannoni (2006), who use sub-sample analysis to make their points. They
differ somewhat from those reported in Sims and Zha (2006), primarily because they
do not allow for time variations in the instantaneous coefficients, and from those
in Ferndndez Villaverde et al. (2010), who allow for stochastic volatility and time
variations only in the coefficients of the policy rule.

£™P to GDP £ to P £™P to U
1 ! . 1 . 1 .
09 4 o9} 4 09 4
0.8 4 o.8} 4 0.8 4
0.7 4 0.7} 4 0.7 4
06 4 0.6} 4 06 4

1980 1990 2000 1980 19920 2000

1980 1990 2000

Figure 4: Percentage of the forecast error variance due to monetary policy shock in the
long run, different dates.

6.7 A time invariant over-identified model

We compare these results with those obtained in a constant coefficient overidentified
structural model. Given that time variations seem relevant, we would like to know
how the interpretation of the evidence would change if one estimates a model with
constant coefficients.

To illustrate the differences, we report in figure 5 the responses of the variables
to a unexpected monetary policy impulse at four dates (1975, 1981, 1990, 2005) in
the two systems. Clearly, there is more uncertainty regarding the liquidity effect in
the time varying SVAR model at some dates. Furthermore, the responses of output
growth, inflation and unemployment in the constant coefficients model are different
and the dynamics prevailing in the 1970s seem to dominate.
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Figure 5: Time varying and time invariant responses.

Overall, differences between TVC and time invariant models are generally smaller
than previously reported. The reason is that we standardize the data prior to
estimation. If this transformation is not performed, differences in the two systems
become substantially larger.

6.8 Altering the law of motion of the volatility

To check whether our results depend on the specification of the law of motion of the
volatilities, we now assume that instead of (23) we use

k% 2
07271,t = (1 - 5) + 5‘77271,15—1 +0 (ym,t—l) + Mt (42)

Since with this GARCH(1,1), the resulting model is non-linear, we employ the setup
of section 5 to draw sequences for the parameters. Details on how the algorithm
is modified in this case are in appendix E. For comparison purposes, we report the
time profile of the posterior distribution of the standard deviation of the monetary
policy shock (in the second panel of figure 1) and the responses to a monetary policy
shock in 1975:1, 1981:1, 1990:1, and 2005:1 (see figure 6)
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Figure 6: Transmission of monetary policy shocks, GARCH(1,1) specification

A few interesting conclusions emerge from the figures. The qualitative features
of the results are broadly unaltered. For example, there is a peak in the volatility
of the monetary policy shock in the late 1970s-early 1980s and a standard prize
puzzle in response to a policy shock. Quantitatively, however, important changes
occur. The volatility of the monetary policy shock is estimated to be generally
larger and the peak in the early 1980s is fifty percent taller. Because a larger
portion of the dynamics of the endogenous variables is now capture by volatility
changes, the responses to policy shocks are generally smaller and less significant
than in the baseline case. For instance, contrary to what we had in figure 3, the
responses of prices and money are never significant and those of the unemployment
rate are significant only in the very short run. In addition, time variations in the
transmission of monetary policy shocks are smaller: if we exclude the medium term
response of the unemployment rate, the responses of the other five variables are
roughly constant at all horizons . Thus, inference about the effects of policy shocks
and the changes in the transmission mechanism may depend on nuisance features.
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6.9 Using short and long run restrictions

As a final robustness check, together with the restrictions we have imposed in table 1,
we also impose the restriction that monetary policy shocks have no long run effect
on output. We do not restrict the long run behavior of the unemployment rate
since there are theories which allow long run movements of the unemployment rate
in response to monetary policy shocks, see e.g. Farmer and Benhabib (2000). Also
in this case, the model becomes nonlinear and the algorithm described in section 5
is used to estimate the model. Details on the modifications needed are in the on-line
appendix F.

Figure 7 presents the responses of the variables to a monetary policy shock.
The basic qualitative feature of the responses are unchanged: it takes some time
to output and the unemployment rate to react; prices are sluggish in response to
a surprise increase in interest rates. Quantitatively some differences emerge. In
2005 the response of output is perverse - output increases in response to a monetary
policy contraction for at least 20 quarters. In 1975, the response of prices is much
more persistent than without long run restrictions and the peak response of the
unemployment rate stronger. In general, when long run restrictions are imposed,
time variations in the transmission of monetary policy shocks are increased.
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Figure 7: Transmission of monetary policy shocks, long run restrictions.

7 Conclusions

This paper proposes a unified framework to estimate structural VARs. The method-
ology can handle time varying coefficient or time invariant models identified with
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recursive or non-recursive constraints that can be linear or non-linear and that can
produce just identified or overidentified systems. Our algorithm adds a Metropolis
step to a standard Gibbs sampling routine but nests the structural model into a
general non-linear state space system. Thus, we greatly expand the set of structural
VARs that researchers can deal with within the same estimation framework.

We apply the methodology to study the transmission of monetary policy shocks
in a non-recursive overidentified TVC model similar to the one used by Robertson
and Tallman (2001), Waggoner and Zha (2003) with fixed coefficients. We exam-
ine the merits of multi-move vs. single-move routines and find that once data are
standardized, the computational costs of using a single-move routine are larger than
the efficiency gains. We show that there are time variations in the variance of the
monetary policy shock and in the estimated contemporaneous coefficients. These
variations translate in significant changes in the transmission of monetary policy
shocks. The time variations are considerably reduced when an alternative law of
motion for the standard deviation of the shocks is used. We show that, when a mix-
ture of long and short run restrictions are employed, the transmission of monetary
policy shocks in the 2000s is affected.

The range of potential applications of the methodology is large. For example, one
could use the same setup to identify fiscal shocks or externally generated shocks in
models that theory tightly parametrizes. One could also use the same methodology
to identify shocks imposing magnitude restrictions on impulse responses, as in Rubio
Ramirez et al. (2010) or variance decomposition restrictions, as in Barsky and Sims
(2012). The estimation complexity is important but not overwhelming and all the
computations can be performed on a standard PC with sufficient RAM memory.
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On-line Appendix

A: Global Identification of the constant coefficient SVAR of
section 6

Consider the constant coefficients version of the SVAR model used in section 6:

1 0 0 0 0 0] [ GDP, ] [ GDP,_, ] [ el ]
ap 10 0 0 O A P4 eb
Qo (O 1 0 0 0 Ut A+ Ut—l €tu
00 0 1 anol|X| m |TAE| g, [TE]aw
a3 Qg 0 Qg 1 0 Mt Mt,1 €?d

|y a7 ag ap app 1 | Pcomy | | P.omy;_y | i &?i ]

Afo)
with _ -
o 0 0O 0 0 O
0O ¢™ 0 0 0 0
$_ 0O 0 o™ 0 0 0
1 0 O 0 ¢ 0 O
0 O 0 0 of O
| 0 0 0 0 0 o"]

To verify that the system is globally identified, we rewrite the model using the
notation of Rubio Ramirez et. al. (2010). Let y, = (GDPF,, P, Uy, Ry, My, Pcom,)’
and ¢, = (ef, e}, el &/, ey, gi)/. Pre-multiplying by ¥7!, we obtain

SA(@) y =S AT (L) gy + &

with g, ~ N (0, Is). Define Aj = XA (a) and A’ (L) = X' A" (L). Then:

p
Yo = Z Yi-LAL + e

L=1

33



where

o 0 0 0 0 O 1 0 0 0 0 0
0 ¢»# 0 0 0 0 ap 1 0 0 0 O
A,_ooauooo as az 1 0 0 0
0 - 0 0 0 o™ 0 0 0 0 0 1 a1 O
0 0 0 0 o™ 0 as ag 0 ag 1 0
_0 0 0 0 0 O'i_ _Oé4 a7 g Q19 19 1_

L 0 0 0 0 0]

a4 L 0 0 0 0

@ s L o9 0 0

~ |0 0o 0 L au g

o e 0 2 Lo

Denoting A, = [ax;] we have

ain a2 a3 0 a5 ae
azy a3 0 ags ag
0 as33 0 0 a3e

0 0 au ass age
0 0 ass ass ase
0 0 0 0 (0113

o O O O O

The matrices Q; , j = 1,...,6, present in Theorem 1 of Rubio Ramirez et al. (2010)
are:

010000 001000
001000 000100
000100 000010

Ql_000010’Q?_000001
0000O01 000000
(00000 0 (00000 0
00 010 0] 100 0 0 0]
000010 010000
0000O0°1 001000

Q3_000000’Q4_000001
000000 000000
(00000 0 (00000 0
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(43)

a3e
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Q56
Q66
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000O0O0O0

000O0O0O0
000O0O0O0

000O0O0O O

7V 71
G54 Aps
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M
0
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0
0
0

I o O O O

000O0O0O0
1

0

1 Qe =

001000

000O0O0T1

000O0O0O0
000O0O0O0
00 0O0O0O

Q25 Q26
0 as3e
Qg5 Q46

0
0
Qqq

Qs

M; (Ag) = {
23
33
0
0

22
0
0
0
0

Define the matrices

so that

T3
B%OOOOOOO
S 3
SO OO O oo oo
S 3
HﬂOOOOOlO
S 3
—
a100000100
Il
=
T
T 8T
%%OOOOOO
S 3
MMOOOOOO
S 3
OO OO oo oo
OO OO OO O H
O OO OO o —HO

M, =
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00a33 0
00 0 O
00 0 O
00 0 O
00 0 O
M;=|(0 0 0 O
10 0 0
01 0 O
00 1 O
00 0 1
(00 0 0

Since all M; have full column rank, the model is globally identified.

B: Single-move Metropolis for drawing B;

0 ase
0 aee
0 0
0 0
0 O
0 0
0 0
0 0
0 0
0 O
1 0 |

I
SO DD DO OO oo oo
S OO OO OO o oo

0

SO OO oo o oo

0

SR OO OO oo o oo

0

_ 0 O OO oo oo oo

0

_ 0 O OO OO o oo oo

The Koop and Potter’s (2011) approach for drawing the elements of the BT se-
quence separately works as follows. Given f(a;_1)7, (7T Q1 Vi1 Wi~ the

measurement equation is

Y = X{Bt + At_lztéft

and the transition equation is

By =By + vy

with v, ~ N (0,Q), By given, and A;'Ye, = u, ~ N (0,9Q,). To sample the
individual elements of B, all ¢ > 1:

1. Draw a candidate B} ~ N (u,, ¥,) where

Bi_+Bi7]
Btz_l + Gt

G, — { FOTIN(XIQTIX )

) i1
_ X/ B§71+BZ+1
t
/
Yt — Xt

QX (X]Q7 X, + )

|

2. Construct the companion form matrix EZ and evaluate 7 (max

% (IK - Gth) Qi_l ’

(Ix — G X))

3 0 <T
Bg—l)] 7t_T
t<T
=T
t<T
tot=T

etg (EZ)‘ < 1),

where Z (.) is an indicator function taking the value of 1 if the condition within

the parenthesis is satisfied.
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3. The acceptance rate of B;f is

7| max|et EI . . .
( /\(Lféig)‘d) A (maX ’eig (BI)’ < 1) A (Bf_l, QZ_I)
— ,1 = min

NCare) r(Bl.@)

1

wp, = min ,

where A (.) is an integrating constant, measuring the proportion of draws that
satisfy the inequality constraint. To compute A(.) one first draws B]' ~

; - . . o=l
N (BtT , Q’_l), forl =1,..., L, constructs the companion form matrix BI and

evaluates A\, =7 <max ‘eig (EZZH < 1>. Second, one evaluates A\ (BtT , Qi_1> =

2>
=1

=1— and A (Bti-1,Q"') and compute the acceptance probability. When
=T, this probability is

wpr =1 (max ‘eig (EZ)‘ < 1)

4. Draw a v ~ U (0,1). Set B! = B¢ if v < wp,; and set B! = B; ' otherwise.

Since ) depends on B;, we need to change the sampling scheme also for this

matrix. Assume that Q! ~ W (Q, Q‘l) so that the unrestricted posterior is Q% ~

T —1

Q+ Z (Bti — Bi—1;) (Byi — Bt—l,i)/
t=1

Then draw a candidate (QT)_l ~ W (6, @71) and for ¢ = 1,...,T, evaluate

A (B}, Q") and X (B}, Q"™"), for a fixed L, and calculate

% i—1
(B, Q1)
wQ—mln{ i B,?,QT ,1}

Finally, we draw a v ~ U (0,1), set Q" = Q°if v < wg and Q" = Q" '. In the exercise
we conduct in section 6, we set L = 25, when evaluate the integrating constants \ (.)
at each t.

Note that in a multi-move approach A (.) = 1, when sampling both BT and Q.
Therefore, Koop and Potter’s approach generalizes the multi-move procedure at the
cost of making convergence to the posterior, in general, much slower and, because
A (.) needs to be simulated at each ¢, of adding considerable computational time.

w <5, @_1> witht=v+T and Q =
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C: A shrinkage approach to draw B’ when = is known
The model is still consists of (20), (22) and (23) but now (21) is substituted by

Bt = Eﬁt + U Vg ~~ N(O, _[) (44)
0 = Oat+p, p~NQO,Q) (45)

where dim(f;) < dim(B;) and where the matrix = is known, as in Canova and
Ciccarelli (2009). Using (45) into (44) we have

Y = Xj20; + A7 e + Xjve = X[Z0, + 4, (46)

where 1, ~ N (0, Hy) with H, = A;7'S,5) (A7) + X/X,.
To estimate the unknowns we do the following:

1. Sample #* with a multi-move routine using (46) and (45) .

2. Given 67, we compute 7, = y, — X/Z60,. Pre-multiplying by A,, we get the
concentrated structural model

Agg = Ay = Siey + A X{u,
As before
(1 ® Inr) (Saf(ou) + sa4) = Xiey + A X{vy
so that the second state-space system is
{Jt = th(Olt) + Ztgt + AtXt,vt (47)
flaw) = flowa) + G (48)
and we draw f(«a)? using our proposed Metropolis step. The variance of the
measurement error is 3,3+ A; (o) X[ X, A} (o) and it is evaluated at f(oy—1).
3. Given (67, f(a)T):
At:l/j\t = Etét + AtXé’Ut
Since zzl\tX{ is known, let the lower-triangular P, satisfy P, (A\thXtA\Q P =1.
Then R R
PAg: = y" = P + PAX v,
with var (Ptﬁtxgvt) — [ and where P,%, 5P/ + P, (Etxgxt?x;) P! is a di-
agonal matrix. This transformation is similar to Cogley and Sargent (2005);

however, since A}X; is known, we only need to sample the variances of €, ;.
We do this using the log(x?) approximation of a mixture of J normals.
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4. Given (07, f(a)T,2T), sample Q,V,W from independent inverted Wishart
distributions.

5. Given new values of o,,;, we construct A, %% (A; 1)/ + X/ X; and go back
to step 1.

D: A Shrinkage approach to draw B’ when = is unknown

When the Z's are known, the algorithm needs to be modified as follows.
The TVC-SVAR model is:

yr = X By + A; ' Siey
where X = Iy @ [D},y,_1,...,Y,_4], with
B, = =20, + w;
0y =01+ vy

flay) = flag1) + ¢,
log (o) = log (04—1) + 1,

€4 I 0 0 0 O
Wy 0@ 0 0 O
Var n =10 0 R 0 O
¢y 0O 0 0 V 0
un 0O 0 0 0 W

where () and R are diagonal matrices. We exploit the hierarchical structure of the
model to simulate the posterior distribution, as in Chib and Greenberg (1995):

1. Given (o4, 0y @), sample B; using:
v = X B, + A7 'Se,
with A;'¥e, = u, ~ N (0, H,). That is, for each t = 1,...,7T draw:
B, ~ N (B..VB))
where

VB, = (VB'+X.H'x])™
B, = VB, (VB 'B,+ X:H; 'y

and priors
VB=Q; B,= =0,
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2. Given (B, 6;), compute the residuals (B; — =Z6;) and sample () using an inverse
Wishart distribution.

3. Given By, sample #, using the state space form:
B, = =60 + wy
0 =01+ vy
4. Given #;, sample R using an inverse Wishart distribution.
5. Given (By,0;, Q) draw = using:
B,==Z0;+w; t=1,...,T

where, in order to achieve identification, we normalize the first upper block of
= to be an identity matrix, as in Koop and Korobilis (2010). That is, denote
F = dim(#;) and K = dim(B;), then = is a K x F matrix. The first F rows
of = are:

EwrxarF) = Ir

Moreover, since w; ~ N (0,Q), and we have assumed that ) is diagonal,
we draw the loadings row by row for each element of B;. That is, for each
f=F+1,...,K draw:

Epxr) ~ N (B, VEy)
with
_ —1
g = (Efl +Qp (67) (HT)/>
= = VE(VETE Q0 BY)

where 67 is a F x T matrix of explanatory variables, B]T is a T x 1 vector
that contains the dependent variable and Q(; s is the corresponding element
of matrix () drawn previously. The priors are Z; = Orx1; VE = kiIr with
the hyperparameter k2 = 0.01.

6. Given (B, @), sample (f(oy), V', o4, W) as before. Then go back to 1.
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E: Sampling the GARCH model

To sample volatilities when their law of motion is assumed to be a GARCH(1,1),
we need to modify the transition and the measurement equations used in step 3 of
the algorithm of section 4. The m — th equation of the model is:

y:j:,t = OmtEm,t (49)
where 0, is the m—th diagonal element of ¥;. Assume
kok 2

O-gn,t =(1-50+ 5‘7%,1571 +9 (?Jm,tq) )+ Nt (50)

with 1, ~ N (0,W), where § and W are known parameters.
The system (49) — (50) is now non-linear. Equation (49) can be written as:

Yt = 2 (Omt) + Ut(Tmts Emit)
Since z (0,,,) = 0, the linear approximation is:
OmiEmit ~ Ut(Omitlt—1,0) + Us t(Omt — Tmgjt—1) + Uz ,Emit = Omtjt—1Em,t
because:

° ut(gm,t\tfla 0) = Omytt—1 X 0=0

e U == : = £ ~ =0
ot B m,t ( = —0)
g ~ ’ Om,t—0 —1,€ t—
m,t (0_ A=C it 1,E ,t70> m,t=0m t|t—1,Em,t
-~ 8ut(0'm t,€m t) -~
e U = — G =0 | ~ = 0 —
Em,t Oe ~ mt (a’ =0 £ :0> m7t|t 1
m,t (O’ A= et 1,E ,t70> m,t m,t|t—1-Em,t

The transition equation (50) can be written as:
Uiz,t = fi (Um,t) = ht(am,tfl)‘i‘kt(am,t—l, 77m,t) = (1 -0+ 5‘77271,15—1 +0 (y::,t—l)2)+77m,t
Linearizing the two sides of the equation we have:
Fi(Oma) = fi@mti—1) + Fe@ma-1ip-1) (Omit = Fma-1ji1)
hi(Omi—1) >~ b (O p—1t-1) + /ﬁt(gm,tfl\tfl)(am,t—l — Omyt—1]t-1)

where ft(a\m’ﬂt_l’ O) - 20’m’t|(3mt\t7170) and ht(am’t_nt_l’ O> - 260m’t71|(3m t1t—1,0)"
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F: Long-run restrictions

Long run restrictions are non-linear in the SVAR coefficients, but linear in the
impulse responses. For the sake of presentation we omit the intercept By;. Let

Y =B+ ...+ Bpyi—p + (A (Olt)]il P
Then, we only need to modify how draws for the B; block are made. In particular,
1. At iteration 4, given A (ay)""", %7 sample {B!}L | using Carter and Kohn’s

routine or one of the other routines described in section 6. With the sampled
vector, compute the companion matrix

Bi,t T B;i)fl,t B;,t
Bi — Ing -+ OM'><M OM‘><M
Omsxnr -+ Iv Onxwm

!/

where B! = [vec (Bit)/ ye ., VEC (B;J’} .

2. Given B!, A(a;y)"", L compute the long run matrix for each t

. o . -1
D = J(hy-B) T[4 =i (51)
i P\~ i-1] ! e
= (w=Bly—...— B, [A) ] =
where J = [ Iy Onrsenr -0 Oprs } is a selection matrix.

3. Impose long run restrictions i.e. construct ]5% = RD! where R is matrix
restricting the entries of D:.

4. Given f);, A (ozt)ifl, ¥~ ! and B;W j=1,...,p—1, solve for E};J using (51),
so that

1
p

~. . . . -1 ~ .1
Bl,=Iy—Bi,—...—B. - [A (at)H] »i-1 [Dg]

!/
~. . ~. !
and with this construct the restricted draw B} = {vec (Bi’t), yo .., VEC (B;’t> } .
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5. Evaluate whether

B, -+ B,., B

p,t
E’; _ Ing - OM'><M OM.XM
OM><M [M 0M><M

has all its eigenvalues inside the unit circle. If so, we accept Eé, otherwise
discard it.

Given a draw for B;, the sampling of the remaining blocks (A(ay), 24, s,V) is
unchanged.
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