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Abstract
Inthispaper,we describethe propertiesof the optimalallocationof consumptionin a worldwith
moralhazardand hiddenborrowingand lending. We discuss how and underwhat conditions
the efficientallocationcan be distinguishedfromthatof the permanentincome (self-insurance)
model. We also compareour allocationwith the complete markets(full information)case, and
with the standardmoralhazardmodel with monitorableand fully contractibleasset holdings.
(JEL:D82, E21)

1. Introduction
There is a large literaturethat studies optimal long-term contracts under moral
hazard assuming that agents cannot buy or sell assets (or equivalently assuming
that their financial positions are perfectly observable and it is possible to contractually restrict the acquisition of additional assets and liabilities by the agents).
In particular,Rogerson (1985) shows that preventing the agent from entering the
credit marketis critical- even in the presence of borrowing constraints- since in
the optimal contract, the agent is actually willing to save. On the other hand, the
observability and contractability of the agent's wealth and consumption cannot
be guaranteed in many situations. For example, in transitional and developing
countries agents often use foreign currency,gold, or some other forms of storage
of value for self-insurance. These forms of asset accumulation are typically not
observable by other agents or institutions. In other cases, agents can have access
to domestic or foreign accounts and credit lines where they can save and borrow
secretly.
Therefore, relaxing the assumption of perfect observability and contractabilon
ity
agents' asset holdings and analyzing the resulting optimal allocation is
potentially a very valuable exercise from both the theoretical and applied point
Acknowledgments: Nicola Pavoni thanks the Spanish Ministry of Science and Technology. Grant
BEC2001-1653.
E-mail addresses: Abraham: aabraham@econ.duke.edu;Pavoni: n.pavoni@ucl.ac.uk

Journal of the European Economic Association April-May 2005
© 2005 by the European Economic Association

3(2-3):370-381

AbrahamandPavoni OptimalAllocationof Consumption

371

of view. However, previous literaturesuggests that this study could be uninteresting. In particular,Allen (1985) and Cole and Kocherlakota (2001) (ACK) show
that in a pure endowment economy with adverse selection (hidden information
moral hazard)the efficient allocation does not differ from that in a pure bond economy, i.e., where the agents can insure themselves throughborrowingand lending,
without the opportunityof furtherrisk sharing. On the other hand, Abrahamand
Pavoni (2004a) (APa) show that within the class of moral hazard models this is
generically not the case. There, it is shown that, as long as the agent has imperfect
control over publicly observable (income) histories, the efficient allocation differs
from the self-insurance allocation.
This paper analyzes the implications of the efficient contracting model for
households' consumptionbehaviorin a stochastic environmentwith moralhazard,
where individuals can secretly borrow and lend at a given risk-free interest rate.
We compare the optimal allocation of consumption in this case with the selfinsurance allocation and with other benchmark models, such as the complete
market (full information) framework, and the standardmoral hazard model with
fully observable and contractible assets.

2. Model
Although business cycle theory provides an important motivation for the study
of households' consumption decision, we simplify our analysis by abstracting
from aggregate economic disturbances and focus on how consumption reacts to
idiosyncratic risk.
Consider a small open economy consisting of a large number of agents that
are exante identical, and who each live for T < oo periods. At period t, each
agent can take an unobservable effort level et > 0 which affects the probability distribution of the publicly observable individual income level yt+\ e Y =
(y1, . . . , yN), with yl < yl+l. The conditional probabilities over Y are defined
by Pi(et) = Pr{yt+\ - yl \et] > 0. The history of public outcomes up to period
t will be denoted by hf = (yt, . . . , yt).
Agents are allowed to buy and short-sell a one period risk-free bond that pays
a constant interestrate r > 0. Their asset holdings are privateinformation,and we
assume that each agent is born with no wealth.1 However, since income processes
of distinct agents are not perfectly correlated, agents might enhance welfare by
trading additional potentially state-contingent claims (risk sharing). These net
trades can be represented by a transfer xt = Tt{hf), that the agent receives (or
pays) at each date t , contingent on the realized individual history hf . An allocation
1. As long as agents are ex ante identical, the initial level of assets does not affect the qualitative
characteristics of the efficient allocation.
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(or social contract) W = (r, a) in this economy is hence a contingent plan of
transfer r = {i*(/*')}£=! and agent's decisions a = {e, (/*'), b, (/*'), cr(/i0}^i
of effort, assets and consumption, as a function of the realized history hl . An
admissible allocation must satisfy at any date and for each agent the following
individual budget constraint:
Ct+bt=yt

+ Tt+ {l+r)bt-\,

(1)

where yt is today's income level, xt is the received transfer,bt-\ is the asset level
accumulated previous period, and ct > 0 and bt represent period t consumption
and bond holding decisions respectively. In addition, b must satisfy the standard
No Ponzi Game condition (or solvency constraint):lim^ t t+7
bT(hT) > 0
(
)
almost surely.
2.1. Constrained Efficiency
A (constrained) efficient allocation can be computed by solving the problem of
a benevolent planner whose aim is to reallocate resources optimally in order to
insure agents, subject to the feasibility and incentive constraints. For any given
initial distribution p° over Y, the problem of the planner can be formulated as
follows
N

supTpM

N

(W;y[); s.t. YVllf (W;y[) > 0,

(2)

where Q is the set of incentive feasible allocations and, given history hl = y\,

U[(W;hl) = Ej jry-VcC/i'), et(h'))\e
is the agent's expected discounted lifetime utility induced by the social contract
W after node /i1. It is importantto notice that the expectation operatordepends
on the effort plan e = {e*(ftO}£li» as income histories do. The per-periodutility u
is strictly increasing, concave, and smooth in both arguments,with u'e(c, 0) = 0.
The parameterj8 g (0, 1) represents the discount factor.
An allocation W satisfying the sequence of individual budget constraints at
each node is (sequentially) incentive compatible, thatis, W e £2,if for any history
hl we have

Uf(r,a;/*')>Uf(r,a;/*r),

(3)

where a is any other possible continuation plan of actions after node hf that satbT(hT) > 0 almost surely,
Y^: )
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given the transferplan r. Finally, the constraint

nf (W;hl) = Ei HT (7^7)

(-T,(A'))|e > 0

in equation (2) represents the planner's intertemporalbudget restriction.
2.2. First-Order Conditions and Ex Post VerificationApproach
Note that the incentive constraint (3) is a very complicated object. In particular,
notice that a deviation on bond holdings bt at period t typically generates wealth
effects that most likely will induce further future deviations of effort and consumption. Thus, a "bruteforce" approachto solving (2) requires keeping trackof
all these off the equilibrium deviations that makes this kind of direct procedures
typically infeasible in practice (see APa for details).
On the otherhand,notice thatany interiorcontractW thatis incentive feasible
according to equation (3) must also satisfy the following first-orderconditions
for each h%^hT:

e:

-*4(c,(/*'),e,(A'))= P £p-(e,(A0)U,r+1(W;(/*',/))

(4)

i

and
b : ufc(ct(hf),
et(h{))> )B(1+ r) J] Me,(ft')K(c,+i(ft', /), e,+i(A', /')),
(5)
where we used the budget constraint (1) to eliminate the planner transfers xu and
assumed interiority with respect to e.2
It turns out that a much more viable procedure is hence to first solve the
model by restricting the planner to only satisfy the first-orderconditions of the
agent, and then verify ex post that the obtained allocation is truly optimal. More
specifically, let Qfoc be the set of social contracts satisfying these first order
conditions, and W£oc be the solution to the relaxed planner'sproblem (2) where
&foc is replaced for £2.Since £2 c £2/roc>if we can show that W£oc e £2,then
we have actually derived the efficient contract. In Section 3.4, we will see that
the first-orderconditions approachfacilitates the characterizationof the optimal
allocation to a great extent.
In practical terms, the ex post verification procedure can be implemented as
follows (see APa for details). After computing the optimal contract according
2. NoticethatwhenT < 00, thereis an obviouscornersolutioner(hT) = 0 for effort.Moreover,
condition(5) at periodT becomesufc(cT(hT),
er(hT)) > 0, whichimpliesbj{hT) = 0.
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to the relaxed problem, we allow the agent to remaximize his lifetime utility
by choosing effort, consumption, and bond holdings taking the relaxed-optimal
transferscheme implied by W£oc as given. If the optimal decisions of this remaximization problem do not improve the agent's welfare, it must be that the agent
does not have any profitable deviation from the proposed plan. Hence W^(9C
is an incentive compatible allocation, i.e., it is an optimal contract. In APa, we
show that the use of the first-orderapproachalso permits the problem to be written in a tractablerecursive form. The recursive formulation is useful not only for
numericalcomputations,but it also simplifies considerable the ex post verification
procedure.
3. Characteristics of the Efficient Allocation
In this section, we discuss the distinctive characteristicsof the efficient allocation
by comparing it to three other different model scenarios: the basic permanentincome model, the model with complete markets and the standardmoral hazard
model with observable assets. To make our analysis more applicable for empirical
work, we will focus on the properties of consumption and income processes
alone. We will also restrict to the additive separable preferences case (w(c, e) u(c) - v(e)) and, for expositional simplicity, we set /3(l + r) = 1.
3.1. Permanent Income (Self-Insurance): The Efficiency Gains Result
The permanent income (self-insurance) model is probably the most commonly
used workhorse in consumption theory. Various formulations of this model have
been tested in a wide variety of environments (see Attanasio 1999 for a comprehensive survey).
Notice that the self-insurance allocation of consumption, effort, and bond
holdings constitutes an incentive compatible social contract since it corresponds
to the solution of problem (2) when transfersare identically set to zero, i.e., when
rt (hl) = 0. As we mentioned above, ACK find thatthe self-insurance allocation is
the only incentive compatible one in the hidden informationmodel. Proposition 2
of APa shows that a sufficient condition for the optimal contract to be welfare
improving with respect to self insurance is that the agent has imperfect control
over income histories. In orderto provide risk sharing, the plannermust be able to
impose taxes in good states and pay transfersin bad states. Since his transfersare
based on publicly observable outcomes (income histories) alone, when each agent
has perfect and costless control over them, the planner is not able to collect tax
revenues, as the agent would never make the taxable incomes to appear.In APa,
it is also shown, that in its general formulation, the model presented in Section 2
nests that of ACK. Further,in terms of our framework, the hidden information
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model of ACK is specific precisely in the sense, that the agents have perfect and
costless control over public outcomes.
In terms of observable characteristics, notice first that the standard Euler
equation is a characterizing feature of both self insurance and of our efficient
allocation (see condition(5)). Hence, the properties of the univariatetime series
of consumption alone are not particularly informative in distinguishing these
two allocations. Notice however that, in the self-insurance framework,individual
budget feasibility requiresthat the discounted present value of income flows must
be equal to the discounted present value of consumption flows for each agent. In
other terms, the budget constraint (1) together with rt(h() = 0 implies that each
agent must have a zero net present value (NPV), i.e.,
Y^ (
t=\

^

'

J

(yt - ct) 0 almost surely for all hT .

(6)

In contrast with this, since the planner typically provides additional insurance by
making history dependent transfers,the zero NPV condition (6) is violated in an
optimal allocation, at least for some history hT ? Attanasio and Pavoni (2004)
exploit this property and argue that, in an efficient allocation, consumption does
not exhibit "excess sensitivity" (a la Flavin 1981) but, because of the additional
insurance provided to consumers relative to self-insurance, it exhibits "excess
smoothness" in the spirit of Campbell and Deaton (1989). Using a closed form
specification of the model, which incorporatesthe ACK and the complete market
model as special extreme cases, they also show how one can directly relate the
magnitude of the excess smoothness of consumption to the degree of control the
agent has over publicly observable income levels.
Using a modification of the VAR techniques adopted for aggregate data by
West (1988), Hansen, Roberds, and Sargent (1991), and Gall (1991), Attanasio
and Pavoni show a rejection of the intertemporalbudget constraint with a single
asset for U.K. micro data, indicating excess smoothness of consumption. At the
same time, they fail to reject the standardoveridentifying restrictions implied by
the Euler equation for consumption. Both results are consistent with the implications of our model.

3.2. Complete Markets (Full Insurance)
The interest in models with private information has often been motivated by
the failure of another importantworkhorse in consumption theory: the complete
markets model.
3. Notice thatthe planner'sintertemporal
budgetconstraintguaranteesthatan optimalallocation
satisfiesthe zeroNPV conditionin expectedterms,thatis, at the aggregatelevel.
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The complete marketsallocation can be derived by solving a modification of
the planner's problem (2) where both effort and consumption decisions are fully
observable, and the set of feasible contracts is hence restrictedby the sequence of
the individual budget restrictions (1) alone. Combining the first order conditions
gives us
u\ct(ti))

= u' (ct+k
> for all r > 1 and k > 0.
(ht+k))

(7)

That is, when there are no aggregate shocks, marginal utility (hence consumption) remains fixed both intertemporallyand cross-sectionally. The fact that (7)
involves no expectations operatoris the defining propertyof full insurance.There
is no individual variationin consumption because any fluctuationin idiosyncratic
income is perfectly shared across agents. In contrast, it is easy to see that the
incentive compatibility constraint (3) implies that, as long as the efficient level
of effort is positive, consumption cannot be independent of individual income.
These simple observations are at the core of many tests of complete marketsproposed in the literature.Virtually all studies soundly reject the null hypothesis of
full consumption insurance (e.g., Attanasio and Davis 1996).4
3.3. Standard Moral Hazard (with Observable and Fully Contractible Assets)
Consider now the case where each agent has private information on the effort
level e, but the planner can fully monitor consumption and asset decisions. In
such an environment,the optimal allocation of consumption can be computed by
solving a variation of the planner's problem (2) where instead of (3), the set of
feasible contracts is derived by imposing an incentive constraint of the form
Uf (r, a; h') > Uf (r, e, b, c; h%

for all e

(8)

i.e., allowing the agent to deviate only in his effort decisions.
In orderto derive one key distinguishing propertyof this model, imagine that
the principal manipulates the transfer scheme so that he takes away some utility
A from the agent in one period, but then he returns A//J utils with certainty
in the following period. A quick check of condition (8) (or of condition (4))
should convince the reader that this reallocation does not affect the incentive
compatibility constraint. The key now is to notice that the cost (in terms of the
consumption good) of providing z utils to the agent is just the inverse of the
agent's utility function evaluated at z, or u~l (z). Thus after imposing the budget
4. Notable exceptions are Altug and Miller (1990) and Mace (1991). In these papers, however,
failure to reject the null hypothesis of full consumption insurance is likely to be due to econometric
and sample selection issues. See, e.g., Nelson (1994).
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conditionwithrespectto A (evaluatedat A = 0) yields
constraint,the first-order
(e.g., Rogerson1985)

= Et
'
u'{ct(h*)) [yfo+i(*'+1))J

(9)

Roughlyspeaking,it says thatin a standardmoralhazardmodelwhereagentsdo
not have access to the creditmarketthe inverseof the marginalutility \/u\ct)
follows a martingale.Notice that,since 1/jc is a strictlyconvextransformation,
Jensen'sinequalityand (9) imply thatuf{ct) < Et[u'(clt+l)]9which is in sharp
contrastwith the Eulerequation(5) characterizingour efficientallocation.An
importantconsequenceof thisdifferenceis thatthe standardmoralhazardmodel
leads to a morefrontloadedconsumptionprofilethanour allocation.A may be
more importantimplicationis that, undersome conditions,by using this discrepancyin the intertemporalpropertiesof consumption,one can distinguish
empiricallyour efficientallocationfromthe standardmoralhazardmodel with
monitorableborrowingand lending.Notice that condition(5) implies that the
marginalutilityu\ct) itself follows a martingale.Hence,in the case of CRRA
utility(i.e., u(c) = cx~° /(I - a)), bothequations(5) and(9) canbe writtenin a
generalformas follows
c?(ht)=Et[c*+l(ht+1)].

(10)

Since risk aversionimplies that a > 0, if the data suggests that y > 0 we
mightinterpretthisas evidencein favorof the standardmoralhazardmodel(with
observableassets) as the "true"model explainingthe data.On the otherhand,
when y < 0 the datasupportsthatthe Eulerequationis satisfiedsuggestingthat
ourmodeldoes betterinstead.
Ligon (1998) used condition(10) to test the standardmoralhazardmodel
versusself insurancewith ruralSouthIndiandata.In two of the threevillages
he studies,he findsa violationof the Eulerequationy > 0. On the otherhand,
for developedcountries,the commonview seemsto that- once changesin labor
accountedfor- the Euler
supplydecisionsand demographicsare appropriately
equationcannotbe rejectedin microdata,at least in its weak formof condition
(5) (Attanasio1999).
3.4. FurtherCharacterizationof the EfficientAllocation
In orderto characterizefurtherthe efficientallocationof consumptionwe will
restrictourselvesto the two-periodversionof the model (T = 2). This setupis
studiedin detailin AbrahamandPavoni(2004b).Moreover,since the recursive
formulationis essentiallyan "extended"two-periodmodel, this case exhibits
mostkey propertiesof the generalmultiperiodcase as well (see APafor details).
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Using the first-orderconditions (4) and (5), we can characterizethe solution of the
relaxed version of problem (2) by looking at the stationarypoints of the following
Lagrangian:5
C = ii(ci) - v(ei) + 0 £

p«(*iM4)
i

~
+ XL - d +
y~^ J2 Pi^M 4)
+ /z

P^p\{el)u{j2)-v\ei)\+t;

u\cl)-p{\+r)^pi(el)u\c\)y

where it can be shown that the multipliers y, /x, and £ are all positive. For later
use, notice that, since the problem with observable assets does not include the
incentive condition (5), the properties of the standardmoral hazardmodel can be
obtained from the above Lagrangianby imposing that § = 0.
The expression determiningthe stationarypoint with respect to second-period
consumption is

*
u'(cl2)

=

i+^_*(i+r)^
Pi(e\)

=
u'(cl2)

1+^^(1+^(4),
Pi(e\)

ai)

where pa(c) = -uff(c)/uf(c) is the coefficient of absolute risk aversion at c.
Condition (11) implies that consumption varies with income only to the extent
income provides information about the agent's hidden action. The optimal tradeoff between insurance and incentives requiresthat consumption dispersion is provided only if the agent's action actually affects the likelihood ratio pft(e)/pi(e).
For all other income levels, and regardless of their dispersion, a constant level
of consumption is provided. This cross sectional characteristic of the efficient
allocation is typical in models with moral hazard(e.g., Grossman and Hart 1983).
However, this contrasts sharply with the self-insurance allocation, where consumption is always monotone in income, but is in principle uncorrelatedwith the
likelihood ratio.6
Both in the numerical exercises in APa and in the specification proposed by
Attanasio and Pavoni (2004) consumption typically varies less across states in our
model thanin the permanentincome model. This also has implications for the time
series properties of consumption. Since the agent faces less future idiosyncratic
5. For simplicity, we normalize the effort cost so that t>(0) = 0, and assume that p? is degenerate
at yi.

6. In a two-period model this propertyis particularlyevident since cl2= yl2+(I +r)b\. When T > 2,
monotonicity in income is a well-known consequence of intertemporalconsumption smoothing.
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uncertainty,his precautionarymotives for savings are reduced. The precautionary
motive is furtherreduced by the fact that the agent's effective borrowing limit in
Period 1 is relaxed because the transfersincrease his minimum disposable second
period income.7 Both these effects imply that, for any given initial level of wealth,
the agent enjoys a much smoother intertemporalpath of consumption in our case
than in the permanentincome model (see APa, Figure 5).
We saw in the previous section, that from an intertemporalpoint of view,
in the standardmoral hazard model, consumption tends to be more frontloaded
compared to the efficient allocation with hidden assets. In order to understand
how the introductionof hidden asset accumulation alters the cross-sectional distributionof consumption we focus on the curvatureof the optimal consumption
scheme as function of income. Taking the difference in equation (11) between
two adjacent states, we obtain the following expression

[u(c2

)

u (c2)

J

,l2)

'
lPi+\(ei)

pi(e\)\

Notice that, when the access to the asset marketsis observable (§ = 0) the absolute risk aversion of the agent does not play a role in explaining the curvatureof
the consumption scheme once \/uf is known. On the other hand, if absolute risk
aversion is decreasing and convex (key properties of the popular CRRA preferences), whenever the agent has hidden access to credit, the consumption scheme
becomes more convex than in the standardmoral hazard case with monitorable
assets. For example, when income levels are equally spaced and the likelihood
ratio increases linearly with income, log utility implies a linear consumption
scheme in the standard moral hazard model, and a convex one in the case of
hidden access to the credit market.
In orderto obtain a clearerintuitionof this result we may examine (11) further.
This expression equates the planner's costs and benefits of a marginalincrease of
the utility of the agent in state / normalized by p\ {e\){\ + r). As we saw before,
this change costs the planner X/u\cl2) in terms of resources to be collected in
order to satisfy the intertemporalbudget constraint. This cost is first of all offset
by a one-to-one increase in the agent's welfare. Further,increasing the agent's
utility also relaxes the effort incentive compatibility constraintby /z/?•(e\)/pi(e\).
Notice that these effects are present in the standardmoral hazard model as well.
In the hidden asset case (£ > 0), there is an additional gain though: by increasing
u(c2), the planneralso alleviates the saving motives of the agent, a gain measured
7. Noticethatthe agent'ssolvencyconditionrequiresthatb\ > - min | i [ 1+r

\.
J
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Table 1. Comparisonsacross the differentmodels.

Eulerequation(5)
InverseEulerequation(9)
Intertemp.
budget(6)
Excesssmoothness

Full
insurance

Permanent
income(PIH)

yes
yes
no
0%

yes
no
yes
100%

Moralhazard
obs. assets
no
yes
no
partial

Moralhazard
hiddenassets
yes
no
no
partial

in utility terms by §(1 + r)uff(cl2)/uf(cl2). Since consumption is increasing in
/, decreasing and convex absolute risk aversion implies that the latter gain is
getting smaller at a decreasing rate as income is getting higher. Eventually, this
implies that in orderto distributeincentives optimally, the plannerhas to increase
consumption between state i and i + 1 by a factor, which is increasing in i,
even if /?-+1(ei)//?;+i(ei) - p[(e\) / pt(e\) is constant. Hence, the consumption
plan becomes more convex than in the standardmoral hazard case, where this
additional factor is not present.

4. Summary and Conclusions
Table 1 summarizes the empirically testable comparisons we have made in the
preceding sections. The first three rows in the table represent the different equilibrium restrictions we introduced before. Therefore, a "yes" ("no") entry in a
particularcell implies that the model in the corresponding column satisfies (violates) the restrictionin the correspondingrow. The fourthrow displays the degree
of excess smoothness. That is, it describes how consumption reacts to innovations
on permanentincome in the different models.8
This table makes clear that in principle, the equilibriumallocations of all four
of the models can be distinguished from one another on the basis of observable
features.
In the previous section, we also described some more quantitativeproperties
of the efficient allocation. The optimal consumption allocation underhidden assets
tends to be less disperse both across states and intertemporallywhen comparedto
self-insurance, and its cross-sectional curvature(as a function of income) becomes
more convex when comparedto the standardmoral hazardmodel with observable
assets.
8. In our model, innovationsin permanentincome correspondto unexpectedchanges in the
annuityvalueof the expecteddiscountedsumof futureincomes:
00
/ 1 V

r(E,+1-E,)^(y-p-J

yt+n.
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